A new and concise proof of existence-emphasizing the very natural and simple structure-is given for the Lanczos spinor potential L ABCA of an arbitrary symmetric spinor W ABCD defined by W ABCD = 2∇ (A A L BCD)A ; this proof is easily translated into tensors in such a way that it is valid in fourdimensional spaces of any signature. In particular, this means that the Weyl spinor ABCD has Lanczos potentials in all spacetimes, and furthermore that the Weyl tensor has Lanczos potentials on all four-dimensional spaces, irrespective of signature. In addition, two superpotentials for W ABCD are identified: the first
Introduction
The fact that there exists a potential (called the Lanczos potential [1] ) for the Weyl tensor/spinor in analogy to the well known electromagnetic potential for the electromagnetic field does not seem to be well known. Even among those aware of its existence it does not seem to be fully appreciated just how close is the analogy with the electromagnetic case, nor how simple and natural is the structure of the potential for the gravitational case. These facts are particularly striking in spinor notation where the Lanczos spinor potential L ABCA of the Weyl spinor ABCD is defined by
is an obvious generalization of the familiar electromagnetic case,
The renewed interest began with the work of Bampi and Caviglia [2] , who showed that Lanczos' original proof of existence [1] was flawed; however, they themselves supplied a rigorous but complicated proof of local existence for the Lanczos tensor potential 1 L abc of an arbitrary Weyl candidate in four-dimensional analytic spaces, independent of signature. Illge [5] has supplied a more conventional proof of existence for the Lanczos spinor L ABCA (as part of a Cauchy problem analysis) without requiring any assumption on analyticity; since he uses spinors his result is restricted to spacetimes (four-dimensional spaces with a metric of Lorentz signature), and it seems difficult to translate his proof into tensor notation in a form valid for four-dimensional spaces of any signature. The work by Illge clearly demonstrates the superiority of the spinor formalism for studying the Lanczos potential in spacetimes (see [4] for a recent summary of properties of the Lanczos spinor/tensor potential).
Some results which suggest that the Lanczos potential has a more important role in general relativity, in the future, are the following.
• In vacuum, Illge [5] has shown that a Lanczos potential of the Weyl spinor obeys the simple homogeneous wave equation
in spacetimes, in the Lanczos differential gauge ∇ AA L ABCA = 0 (see below); and it is shown in [4, 6] that this remarkably simple wave equation is a feature of all fourdimensional spaces, irrespective of signature. In a vacuum spacetime it can also be shown [4] that generically this wave equation, together with the Lanczos differential gauge condition, is a sufficient condition for L ABCA to be a Lanczos potential of the Weyl spinor.
• In a large class of the Kerr-Schild spacetimes [7] it has been shown that Lanczos potentials can be used to define curvature-free asymmetric connections [8, 9] . Crucial to this construction is the existence of a symmetric potential H ABA B (= H (AB)(A B ) ) for the Lanczos potential, i.e. a superpotential for the Weyl spinor. In the Kerr spacetime, Bergqvist and Ludvigsen [10] have used this superpotential to construct an expression for quasi-local momentum, while, in the Kerr-Schild class, Harnett [11] has used the superpotential as a link to twistor concepts. These results have since been generalized considerably [12] .
• In general, the existence of a Lanczos potential tensor is restricted to four dimensions [13] ; this is what Lanczos originally claimed [1] , but with no attempt at a proof. This generic result given in [13] does not rule out the possibility, in higher dimensions, of the existence of Lanczos potential tensors of Weyl tensors for some special classes of spaces; but if we consider this possibility via the definition (8) below, we find that the tensor version of the simple wave equation given above becomes much more complicated, with the addition of extra second-order derivative terms and also nonlinear terms involving the first derivative [4] . The non-existence of the Lanczos potential in higher dimensions is a significant difference from the electromagnetic case, and this must increase interest in its role as a 'gravitational potential' for classical general relativity.
The purpose of this paper is to highlight the very natural and simple structure of the Lanczos spinor potential, by a new and concise proof of existence. Like Illge's proof [5] , it uses spinors, and although it lacks the uniqueness element of his proof, it is more direct. In addition, the proof emphasizes new aspects of the analogy with the electromagnetic case, as well as introducing an (asymmetric) potential T ABCD (= T (ABC)D ) for the Lanczos potential; this new potential may have important properties in its own right. This spinor proof can, without too much effort, be translated into a tensor proof-and hence is valid for Weyl tensors in all signatures in four-dimensional analytic spaces. The superpotential T ABCD is used in section 4 to express the gauge freedom of the Lanczos potential. In addition, we report the existence of another superpotential H ABA B (= H (AB)(A B ) ) for the Weyl spinor (this time, a symmetric potential of the Lanczos potential) for all Einstein spacetimes [14] .
Existence of Lanczos spinor potentials
Given symmetric spinor fields W ABCD and ζ BC we wish to find a symmetric spinor field L ABCA such that
These equations are easily seen to be equivalent to the single equation
We will restrict ourselves to look for solutions of the form
Hence, we want to find T ABCD such that
However, by using the commutators, we can rewrite the left-hand side of the previous equation as
After these preliminary considerations we are ready to prove our main result:
Proof. Consider the equation
which is a linear second-order hyperbolic system. By the standard theory for differential equations [15] it has a local solution
where the last equality is a consequence of T ABCD being a solution of (6).
For completeness, we mention three generalizations of this result.
• The obvious generalization to symmetric (n, 0)- Turning to specific applications, we note that this theorem (in common with the theorems of Bampi and Caviglia [2] and of Illge [5] ) is for Weyl candidates, i.e. arbitrary symmetric 4-spinors, but of course the most interesting application is when we choose W ABCD = ABCD as the Weyl curvature spinor. It is then usual to call ζ AB the differential gauge and when the choice ζ AB = 0 is made it is called the Lanczos differential gauge.
The following corollary is an immediate consequence of the previous theorem. 
given by (6) .
A has come to be known as the Weyl-Lanczos equation.
The proof of the above theorem, for the symmetric 4-spinor W ABCD , modifies very easily to any symmetric 2-spinor F AB , and in particular to the Maxwell spinor, ϕ AB for the electromagnetic field. It is interesting to note that the existence of an electromagnetic potential is usually presented as a consequence of the second of Maxwell's equations via Poincaré's lemma. Here we see that the existence of a (complex) potential A AA is independent of Maxwell's equations; the role of Maxwell's equations is to ensure that this potential can be chosen as Hermitian [5] . The superpotential T AB is linked to the familiar flat-space Hertz potential [14] .
We also wish to point out that if the differential gauge ζ BC is not specified, then we can always find a symmetric solution T ABCD = T (ABCD) of (6) and L ABCA = ∇ A D T ABCD will still be a Lanczos potential of W ABCD . It is easily checked that in this case the differential gauge has been fixed by
CDE .
We note that this does not prove that every Lanczos candidate has a symmetric T -potential, but simply that every Weyl candidate has a Lanczos potential with a symmetric T -potential, i.e. every Weyl candidate has a symmetric superpotential T ABCD .
Existence of Lanczos tensor potentials in four dimensions
The Lanczos tensor L abc corresponding to L ABCA has the properties that
and the (four-dimensional) tensor version of (1), as given by Lanczos [1] , is
in the differential gauge
The n-dimensional tensor equation [ 
is equivalent to (8) in four dimensions (it is this form which provides a possible Lanczos potential in n > 4 dimensions). To obtain a tensor version of the theorem for n = 4, we use the fact that T ABCD = T (ABC)D can be decomposed into U ABCD = T (ABCD) and V AB = T ABC C . The wave equation (6) then splits into two parts, whose respective tensor versions are
where the tensors U abcd (a Weyl candidate, having Weyl symmetry) and V ab (a 2-form) correspond, respectively, to the spinors U ABCD and V AB ; the 2-form ζ ab corresponds to ζ AB . Note that ∇ 2 = ∇ a ∇ a is not necessarily a wave operator since the space is of arbitrary signature. Now, if the space is (real) analytic, and both W abcd and ζ bc are (real) analytic then, by the Cauchy-Kovalevskaya theorem, this system of equations always has a local solution and by translating equation (1) into tensors we can construct a Lanczos tensor potential L abc of W abcd in the differential gauge ζ bc from the solutions of (11) by
So we have the following result. (8) and (9) locally. Also L abc is given by (12) for some Weyl candidate U abcd and 2-form V ab given by (11) .
Hence, we have shown that Lanczos potentials exist in four-dimensional analytic spacetimes of arbitrary signature in agreement with the result of Bampi and Caviglia [2] . The specialization to the Weyl curvature tensor in four dimensions follows trivially.
The gauge freedom in the Lanczos potential
In applications it is of interest to know what gauge freedom we have in choosing a Lanczos potential. We already know that we are allowed to choose the differential gauge ζ AB arbitrarily, but this does not exhaust the gauge freedom. The question is then: what remaining gauge freedom is there after the differential gauge has been fixed? Illge [5] gives an answer to this question: the values of L ABCA on a spacelike past-compact hypersurface can be arbitrarily assigned. However, not all spacetimes have enough structure for such a hypersurface to be picked out in a natural way. Therefore, we want to express this remaining gauge freedom in a way that does not rely on a hypersurface being singled out. As we will see in this section, the theorems of section 2 enable us to express the remaining gauge freedom in such a way.
We note that there are no overwhelming reasons for choosing a particular gauge in general, yet the choice of Lanczos differential gauge does give the very attractive wave equation
Let W ABCD and ζ BC be given symmetric spinors. Let L ABCA andL ABCA be two Lanczos potentials of W ABCD in the same differential gauge ζ BC , i.e.
Note that this does not mean that M ABCA is a Lanczos potential for the Weyl spinor of a conformally flat spacetime as ∇ AA is not the Levi-Civita connection of such a spacetime. Now, according to the generalizations of theorem 2.1 there exists a spinor T ABCD = T (ABC)D such that M ABCA = ∇ A D T ABCD in the special case W ABCD = 0, ζ AB = 0, and so we retain the same notation as in section 2). The same calculations as in the previous section tells us that T ABCD must satisfy the following wave equation (we note that this wave equation is precisely equation (6)):
or equivalently
where U ABCD = T (ABCD) and V BC = T BCD D . Since these equations are coupled we see that in general we need both U ABCD and V BC to be non-zero to obtain a proper gauge transformation. An important exception is when M is conformally flat (i.e. ABCD = 0) where the equations decouple, and so we could obtain gauge transformations where one of U ABCD and V BC is zero, but not the other.
Thus, we have completely characterized the gauge transformations of the Lanczos potential that leaves the differential gauge intact. We summarize our findings in the following theorem. 
and T ABCD = T (ABC)D is a solution of (15).
The tensor version of this result follows easily from (11) . It is, however, worth noting that if we allow a change in the differential gauge, i.e. we only require that the first of equations (16) symmetric (n, m) -spinors, such symmetric potentials exist, and can be confirmed by this method. The method of our theorem can indeed be used to prove the existence of asymmetric spinor potentials for all symmetric spinors; however, we cannot, in general, prove the existence of symmetric spinor potentials for all symmetric spinors by this method. Indeed, it has been shown that such symmetric potentials for all symmetric spinors cannot exist in every curved spacetime because of algebraic inconsistencies [5] .
However, there may well be significant classes of curved spaces where significant classes of spinors do have symmetric potentials. In particular, it is of interest to know whether the Lanczos potential L ABCA of the Weyl spinor has a symmetric potential of the form H ABA B (= H (AB)(A B ) ) given by
i.e. a symmetric superpotential for the Weyl spinor (we remember that for H-spaces in complex relativity, such a superpotential of the Weyl spinor exists and plays a very important role in the H-space programme [16] ). In fact, the existence of a symmetric superpotential H ABA B for ABCD given by (17) has recently been confirmed for a very large class of spacetimes (including all Einstein spaces and many algebraically special non-vacuum spacetimes [12, 14] ). Actually, the result in [14] is significantly more general; it is shown that in an Einstein spacetime, any symmetric spinor L ABCA has a completely symmetric potential as defined in (17).
The knowledge that explicit superpotentials for the Weyl tensor exist for such a large class of spacetimes means that applications such as curvature-free connections, definitions of quasilocal angular momentum and links to twistor concepts may be developed in a wider context. In particular, it has recently been shown that an asymmetric curvature-free connection can be constructed from such superpotentials for a large class of algebraically special spacetimes [12] .
